This paper enumerates the isomorphism classes of association schemes of order 20 -28 by using the computer. It also classiÿes all the association schemes of order 24 -28 whether their automorphism groups are transitive or not, and whether they are group case or not. Some more properties of the obtained association schemes are computed.
Introduction
Using computers, we have been classifying association schemes of small order for the last several years. We classiÿed the isomorphism classes of the association schemes of order 16 and 17 in [5] and of order 18 and 19 in [6] . We also treated primitive association schemes in [7] . In the present note we classify the isomorphism classes of association schemes of order up to 28. The numbers of the isomorphism classes of the association schemes of order from 16 to 28 are in Table 1 . We construct association schemes including all the representatives of the isomorphism classes by using a program written in "C". Then we compute isomorphisms among them by a program written in the group algorithm programming language GAP. We also used GAP to develop an algorithm to construct association schemes. For deÿnitions and basic properties of association schemes, readers may refer to [1] . Related topics and a vast number of references are seen in [12] . Classiÿcation of association schemes of order up to 15 is given in [11, 8] and Web page [13] .
We used a PentiumII 400MHz machine under Linux. The computation for the orders from 20 to 23 was accomplished by using GAP program. For the orders 24, 25 and 26 we used a program written in C to construct association schemes. We ran the same C program on a Dec Alpha 21164A=600 MHz machine in cases of orders 27 and 28. The isomorphism was computed by GAP program.
The complete data of our computation in the present paper and updated results are shown in Hanaki's web page [4] .
Computation of isomorphism classes
Let X = {x 1 ; x 2 ; : : : ; x n } be the set of vertices, and let (X; {R i } 06i6d ) be an association scheme. Then the number n of the vertices X is called the order of the association scheme and R i is called the ith relation of the association scheme. Let A 0 ; A 1 ; : : : ; A d be its adjacency matrices. So the ( j; k) entry of A i is deÿned by
The adjacency matrices have the following properties and these properties are equivalent to the deÿnition of an association scheme:
(1) A 0 is the identity matrix and A i 's are {0; 1}-matrices.
Each A i has a constant column and row sum. The sum v i is called its valency. The matrix A = 06k6d kA k is called the relation matrix of the association scheme. By an association scheme A we mean the association scheme of which the relation matrix is A. Let B be another association scheme. Then two association schemes A and B are isomorphic if B = P −1 A P for some permutation matrix P and some permutation on the set {1; 2; : : : ; d}, where A is the matrix obtained by rewriting each entry i of A to i . The automorphism group of A is the permutation group generated by the permutation matrices P satisfying A = P −1 AP and it is denoted by Aut(A). Each A i can be regarded as an adjacency matrix of a regular digraph. Then the relation matrix A becomes an adjacency matrix of a labeled digraph. We generate relation matrices by a backtrack algorithm as in our program used in [5, 6] . We mention here how we have improved our program. While we are constructing relation matrices, this time we use the following well-known properties (cf. [ 
These properties imply that, in course of constructing a relation matrix, if one p ijk is determined then at the same time p j i k , p k ij , p i kj , p jk i and p kj i are determined. We also have conditions that p ijk v k =v i and p ijk v k =v j are integers. As it is e ective to check p ijk as early as possible, this improved our program. Following [6, 7] our program was written in GAP language ÿrst. Then we wrote our program in C language to generate the relation matrix. We also check whether the principal diagonal submatrix of A of size 06k6s v k for any s¡d has entries 6s. If this holds, then the relations {R 0 ; R 1 ; : : : ; R s } are a closed subset in the sense of [15] and the submatrix is an association scheme of smaller order. So the sum should divides n if an association scheme satisfying this property exists. Computers are also improving and we obtained the result stated in the introduction.
Some properties of the association schemes
If G is a permutation group on the set X , then G acts naturally on the Cartesian product set X × X by moving (x; y) to (x g ; y g ) for g ∈G. If G is transitive on X , then the orbits of G on X × X deÿne an association scheme. As is seen in [1, 15] , for instance, many similar facts holds in permutation groups and association schemes. We are interested in what kind of association schemes are not deÿned by transitive permutation groups. Let A be the association scheme deÿned by G. Then G ⊆ Aut(A) by the deÿnition of the automorphism group. Aut(A) is computed as the automorphism group of A as a labeled digraph. We observe that most association schemes of order up to 19 are deÿned by groups from [5, 6] . Our classiÿcation shows that most of the association schemes up to order 28 are given by groups except those of small ranks d + 164.
Suppose that the set {1; 2; : : : ; d} of relation indices is a disjoint union of the subsets T 1 ; T 2 ; : : : and T D . Such a family of subsets is called a partition of the set. Set B 0 = A 0 , B j = i∈Tj A i for j = 1; 2; : : : ; D and set B = 0B 0 + 1B 1 + 2B 2 + · · · + DB D . If B is an association scheme, then B is said to be a fusion scheme or a subscheme of A. It is clear that Aut(A) ⊆ Aut(B), if B is a fusion scheme of A. The equality may hold. So, if Aut(A) is transitive, then Aut(A) deÿnes one of the fusion schemes of A including A itself. Therefore, we can divide the isomorphism classes of association schemes into three types, classes with intransitive automorphism groups, classes with transitive automorphism groups but not deÿned by transitive groups and classes deÿned by transitive groups. We show the numbers of these three types of classes of order from 24 to 28 in Table 2 .
There are 55 isomorphism classes of symmetric association schemes of valencies [1; 3; 12; 12] of order 28 with intransitive automorphism groups. These cases are known in a list of [2] , since d = 3 is small.
An association scheme of which valencies are at most 2 is called quasi-thin and such association schemes are investigated in [10, 9] . The 176th association scheme of order 28 in our data is quasi-thin and its automorphism group is not transitive. A quasi-thin association scheme with an intransitive automorphism group had not been known. If t A i = A i for all i, then the association scheme is called symmetric. There exist many isomorphism classes of non-symmetric association schemes of order n = 23 and 27 with valencies [1; (n − 1)=2; (n − 1)=2]. There are 19 and 374 such association schemes of order 23 and 27, respectively. Two of them are cyclotomic schemes but the others are not deÿned by transitive groups. They have small automorphism groups. However all of them have same p ijk 's. It is known that these association schemes are related with skew symmetric Hadamard matrices. Let A 0 , A 1 and A 2 be the adjacency matrices of one of these association schemes. We deÿne a matrix H of size (n + 1) × (n + 1) so that the entries of the ÿrst row are all 1, the entries of the ÿrst column are all −1 except the (1; 1)-entry and the remaining part is A 0 + A 1 − A 2 . Then direct computation gives that H is a skew symmetric Hadamard matrix.
Another fundamental problem is the fusion scheme structure of an association scheme. The fusion scheme structures among the isomorphism classes of the association schemes of order up to 15 are obtained in [11, 8, 13] , although there exist some mistakes in the results. Independently See and Song [12] also determined the fusion scheme structures of order up to 15. They used the fact that most association schemes are constructed as wreath products, direct products or some similar products of association schemes of smaller order. This fact gives much about fusion scheme structures. In such case the association scheme is not primitive and for instance there are only two isomorphism classes of primitive association schemes of order from 20 to 22 by Hayaki and Miyamoto [7] . Yamazaki [14] , seeing our classiÿcation, observed the same fact and determined the fusion scheme structures of order from 20 to 22. In our classiÿcation of order 16 and 18 we only gave the maximal association schemes of which all the association schemes were obtained as fusion schemes and showed each association scheme as a fusion scheme of one of them. The fusion scheme structures of the association schemes of order 17 and 19 are easily obtained, since there are only a few isomorphism classes. Now we have a GAP program to compute fusion schemes which is a modiÿed one of a GAP command PartitionsSet. For any given association scheme A our program computes all the partitions T 1 ; T 2 ; : : : and T D of the set {1; 2; : : : ; d} of relation indices of A such that the matrix B deÿned by each of the partitions is a fusion scheme of A. For instance, it took about 4 h to compute 599 partitions for the regular association scheme of order 28 deÿned by the group SmallGroup(28,3) in the group library of GAP by an MMX Pentium 300 MHz machine. It usually happens that many partitions give association schemes which are isomorphic mutually. So it is necessary to compute isomorphisms among them. It is not hard to see which partitions give maximal fusion schemes in a fusion scheme. Then the procedure to determine fusion scheme structures follows like this.
H := Group( |P −1 A P = A ); ptns := the partitions of {1; 2; : : : ; d} of A which give fusion schemes; reps := the representatives of the orbits of H on ptns; nums := the numbers of the association schemes in our data which are isomorphic to the fusion schemes given by reps; dist nums := the set of distinct nums; for num in dist nums do compute the maximal partitions of rep corresponding num, their reps and also their nums; collect dist nums of their nums; od;
As an example, for A = the 176th association scheme of order 28 in our data we obtain the following list showing its fusion scheme structure: [ 2, [ 1 ] ], [ 3, [ 1 ] ], [ 7, [ 1 ] ], [ 10, [ 2, 3 ] ],
[ 59, [ 3, 7 ] ], [ 72, [ 3 ] ], [ 75, [ 1 ] ], [ 76, [ 10 ] ], [ 79, [ 10, 72 ] For instance the last entry [ 176, [ 75, 110, 155 ] ] in the list means that the 176th association scheme has three maximal fusion schemes which are 75th, 110 and 155th association schemes in our data. Thus we can compute fusion scheme structures.
